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Abstract

This study investigates an active curve functional which
measures a similarity between the distribution of an image
feature on the curve and a model distribution learned a pri-
ori. The curve evolution equation resulting from the min-
imization of this contour-based functional can be viewed
as a geodesic active contour with a variable stopping func-
tion. The variable stopping function depends on the dis-
tribution of image feature on the curve and, therefore, can
deal with difficult cases where the desired boundary cor-
responds to very weak image transitions. We ran several
experiments supported by quantitative performance evalu-
ations over several examples of segmentation and tracking
of the left ventricle inner and outer boundaries in cardiac
magnetic resonance image sequences. The results are sig-
nificantly more accurate than with region-based and edge-
based functionals.

1. Introduction

Image segmentation is a fundamental problem in com-
puter vision and image processing. It serves important
useful applications in diverse fields such as robotics, re-
mote sensing, surveillance, and medical image analysis.
Amenable to the introduction of various types of constraints
on the segmentation, the level set active curve framework
has resulted in the most effective algorithms [1]-[14]. The
formalism yields a curve evolution equation following the
minimization of a functional. Some of the algorithms are
region-based [1]-[6], where statistics of the image within
the segmentation regions guide the curve evolution, and oth-
ers are edge-based [7]-[14], where the evolution is guided
by the image data on the active curve.

In statistical, region-based algorithms, each segmenta-
tion region is characterized by an image distribution, i.e.,
the regions are assumed to differ by their image statistics.
Following the work of Chan and Vese [1], which uses the
regions means, various region-based algorithms have been
developed [2]-[6]. The most effective use nonparametric

distributions and regions models learned a priori from train-
ing images [3], [4], [5]. For instance, in [3], curve evolu-
tion seeks a region whose sample distribution most closely
matches a learned model. In [4], the authors use prior infor-
mation about the overlap between the image distributions
within the segmentation regions to improve the results. Al-
though effective in many cases, region-based data terms and
priors may not be sufficient to recover the desired segmenta-
tion in important, difficult situations where different regions
in the image have the same image statistics. This occurs
frequently in medical image segmentation. Fig. 1 depicts
a typical instance, where parts of the foreground and back-
ground regions in a cardiac image have approximately the
same intensity profile. In this case, the region-based ener-
gies in [3], [4], [5] cannot recover accurately the target seg-
mentation. Therefore, further relevant information on the
boundary of interest is necessary.

Edge-based algorithms generally attract an active curve
I'(s) : [0,1] — € toward high transitions (significant
edges) of the image I : O C R? — R by minimizing a
geodesic integral having the following general form [8], [9],
[10], [11], [12]

/g(I)ds, ey
I

where g is an edge indicator function which depends solely
on image data, not on the curve. A common choice of g,
often referred to as a stopping function, is a monotonically
decreasing function of the image gradient, for instance
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The curve flow minimizing this geodesic integral is known
as the geodesic active contour (GAC) [8]. Although effec-
tive in various cases, the GAC cannot deal with the difficult
situations where parts of the desired boundary correspond
to very weak image transitions, i.e., where the norm of im-
age gradient is null or nearly null (cf. the typical example
in Fig. 1 (e)).

The purpose of this study is to take full advantage of the
statistical image information that one can learn about the



boundary of interest. We propose to minimize an original
contour-based functional which measures a similarity be-
tween the distribution of an image feature on the curve (or
in a narrow band around the curve) and a model distribution
learned a priori. We are currently using the Bhattacharyya
coefficient as a similarity measure, and the image or im-
age gradient as feature, although other features can be used.
Minimization of the proposed functional, via the Euler-
Lagrange equation and level set implementation, results in
a curve evolution equation which can be interpreted as a
GAC with a variable stopping function. The stopping func-
tion in this equation has two fundamental differences with
the standard GAC stopping function. First, it is a function
of the curve, whereas the GAC function is a scalar function
that depends solely on the image, not on the curve. Second,
it references global information, namely the distribution of
the image feature on the curve, rather than only pixel-wise
image information. Compared to the region-based formula-
tions [3], [4], [6], the proposed functional is fundamentally
different because it is contour-based. The marginal similar-
ity with these works is in using the Bhattacharyya measure,
but the curve evolution equation we obtained is quite differ-
ent. As we will see in the experiments, the proposed evo-
lution equation can lead to significant improvements over
region-based methods in difficult situations where parts of
the target boundary correspond to weak transitions of image
data (cf. the typical example in Fig. 1).

We applied the proposed curve evolution to the segmen-
tation and tracking of the left ventricle (LV) inner (en-
docardium) and outer (epicardium) boundaries in 2D car-
diac magnetic resonance (MR) images. We show examples
which show clearly the advantage of the proposed func-
tional, and how it can lead to significant improvements in
accuracy over existing region-based and edge-based func-
tionals. Our experiments are supported by quantitative per-
formance evaluations in comparisons to independent expert
manual segmentations.

2. Formulation

2.1. Proposed contour-based energy

Let Fx = F(x) : © ¢ R? — F be an image feature
function defined from the domain €2 to the feature space
F. F can be the image data such as intensity, the image
gradient, or the convolution of the image with an a priori
specified filter. Let I'(s) : [0,1] — € be a simple closed
planar parametric curve. Our purpose is to evolve I' follow-
ing the minimization of an original contour-based energy,
which measures the similarity between the sample distribu-
tion of image feature on the curve and a model learned a
priori. To introduce our energy as a function of T, let us
first consider the following definitions:

e Pr is the nonparametric (kernel-based) estimate of

the distribution of the image feature on the active curve

fr K(f - FF(s))dS
Lr ’

VfeF Pr(f)= 3)

where L is the length of the curve

Lr = ]{ ds @)
T

Typical choices of K are the Dirac function and the Gaus-
sian kernel (A is the kernel width)

e B is the Bhattacharyya coefficient' measuring the
similarity between two distributions P and Q defined over
the same feature space F

B(P,Q) =) VP(HQAW) (6)

fer

We assume that the image feature on the boundary of the
target region, or within a narrow band around the boundary,
is characterized by a model distribution, M, which can be
learned priori. We propose to minimize the following edge-
based energy with respect to I"

B(T') = —B(Pp, M) @)

Minimizing B(I") amounts to finding a curve so that the dis-
tribution of the image feature in the neighborhood of the
curve most closely matches the model distribution M. Note
that other measures of similarity between distributions can
be used, for instance the KullbackLeibler divergence. This
would change the final evolution equation, but would not
change the method conceptually.

2.2. Curve evolution minimization equation

The curve evolution equation is obtained by minimizing
B(T") with respect to I'. To this end, we derive the Euler-
Lagrange gradient descent equation by embedding curve I'
in a one-parameter family of curves: T'(s, ¢) : [0, 1] xR*T —
Q, and solving the partial differential descent equation

or _ o8

ot or
where ¢ is an artificial time parameterizing the descent di-
rection, and g—? denotes the functional derivative of B with

respect to I'. To derive the curve evolution equation, we
need to compute the functional derivative in (8). We have:

oB _ 1 M(f) 9Pr(f)
or = 2 2\ Belr) ©

®)

or

IThe values of B are always in [0, 1], where 0 indicates maximum
discrepancy between the distributions, and 1 indicates a perfect match.



Now we need to compute 8PF(f ). We have

9§ K(f—Fr(s))ds
oPr(f) :Er—” Prmes _ OLe § K (f — Fr(y))ds
ar 2

(10)
To compute the derivatives in the right-hand side of equa-
tion (9), we consider the following proposition.
Proposition 1 For a curve T and a scalar function h :
Q — R independent from T, the functional derivative with
respect to I of the integral of h over the curve is given by (s
and t are omitted as arguments for simplicity)

0§ hds
or

where 1 is the inward unit normal to I and rk the mean
curvature function of I

The derivative of the above integral, referred to as
geodesic integral, is well known in the literature 2 and can
be obtained the Euler-Lagrange equations [8].

Applying this result to fr (f —=Fp(s))ds and Ly in the
numerator in (10), and after some algebraic manipulations,
we obtain the following functional derivative of Pr(f)

oPr(f) 1
VieF —r E{*K(f*FF)’f

+ < VK(f-Fr),n>

+ Pr(f)s}i )

Embedding this result in (10), and after some algebraic
manipulations, we obtain the following evolution equation
minimizing B (s and ¢ are omitted as arguments of I'):

= (—hr+ < Vh, @i >) i

or 1
o = o ABELM-Y K(f - Fr)n
ot 2Lyp i
Stopping force
- <VY K(f —Fr),ii >} (12)

feF

Refinementforce

Connection with the classical geodesic active con-
tour (GAC): The obtained flow can be viewed as a
geodesic active contour with a variable stopping func-
tion. Since B(Pr, M) is independent from pixel location,
VB(Pr, M) = 0. By adding this gradient we can rewrite
the obtained flow in a form similar to the geodesic active
contour flow

r
%t: G(Pr,M,Fr)k — < VG(Pr, M,Fr),ii > | i

Stopping

refinement

13)

2Recall that the classical geodesic active contour energy corresponds to
the integral of h, h = g(F) = with p = 1,2 and F is image
data

1
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where the stopping function is given in our case by

B(Pr, M) - )"

fer

G(Pr, M,Fr) = K(f-Fr)
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G(Pr, M, F) has two fundamental differences with the
GAC stopping function. First, it is a variable of the curve,
whereas the GAC stopping function is a constant that de-
pends only on the image. Second, it references global infor-
mation (the distribution of the image feature on the curve)
rather than just pixel-wise image information. Therefore, it
takes advantage of all the statistical image information that
one can learn about the boundary of interest.
Interpretation of the obtained flow: For a clear inter-
pretation, let us assume that K is the delta function. In this
case, our stopping function reduces to

M(Fr)
Pr(Fr)’

and has a clear interpretation. When I' approaches the
boundary of interest, the distribution of image feature
Py on the curve approaches model M. Therefore, both
the global measure B(Pr, M) and the pixel-wise mea-

1/;/; ((1;?)) become very close to one. This leads to

G(Pr, M,Fr) =B(Pp, M) — 15)

sure
G(Pr, M, Fr) approximately equal to zero, which forces
the curve to stop. The refinement term attracts the curve to-
wards pixels which increase the similarity between the dis-
tribution of image feature on the curve and model M.

2.3. Level set implementation

We implemented the curve evolution equation with the
level set method [15]. T'(s,¢) : [0,1] x Rt — Q is implic-
itly represented by the zero level set of a function ¢(x, 1) :
Ox Rt - R, ie, ' = {x € Q| ¢(x,t) = 0}. The
level-set representation has well-known advantages over an
explicit discretization with a finite set of points on the curve.
It handles automatically topological changes, and can be ef-
fected by stable numerical schemes [15]. When I' evolves

following T(s.1)
S?

ot
where V' : 0 — R, with the convention ¢ > 0 inside the
zero level-set and 77 oriented outward, the corresponding
level-set function ¢ evolves according to

9p(x,1) _
P50 _ v 1) Vo 1)

In our case, the level set evolution equation corresponding
to the flow we obtained is given by (17), with V' (x,t) de-
fined for each point x € () as follows
Vxt) = {9(Py, M, Fx)re(x,1)
Vox,t)
Vo (x, )]

= V{(s,t)7i(s, t), (16)

Vx € Q a7

— < VG(Py, M,Fy), >K(18)



where stopping function G(P¢, M, F) is a variable of the
curve and, therefore, has to be updated during the evolu-
tion process using the distribution of image feature within a
narrow band around the zero level set of ¢:

f76<¢(x)<6 K(f - F(x))dx
P,(f) =
d)( ) .Lé<¢(x)<5 dx
0Py MFy) = BR.M) — 5525 (19)

ke is the mean curvature function of the zero level set of ¢
given by (div is the divergence operator):

k(1) = din(—~25Y ) ca o)

IVo(x, 1)

Controlling curve evolution direction and speed: Similar
to existing edge-driven flows, the proposed flow may evolve
the curve slowly and in the wrong direction when the initial-
ization is far from the target boundary. One way to speed up

curve evolution and control its direction is to add a constant
velocity [8], [9]

9¢(x, 1)
ot

= (V1) + o) IVo(x, 1) 21

Note that the constant velocity can be viewed as the flow
optimizing the area of the region enclosed within the curve.
Coefficient ¢ can be positive or negative, depending on the
initial position of the curve with respect to the target object.
If the initial curve encloses the object, ¢ should be positive
to speed up curve shrinking. If the initial curve is inside
the target object, should be negative to speed up curve ex-
pansion. Note that, as we will show in the experiments, it
is possible to choose ¢ = 0 (no constant velocity), and the
curve evolution still converges (in a slower motion).

Algorithm: The principle steps of the algorithm can be
summarized as follows:

o Initialize the level set function ¢
e Repeat until convergence

1. Update distribution P 4 and stopping function
G(Py, M, Fy) according to (19).

2. Update the level set function for each x € )
according to (21) with V (x,t) given by (18).

We should note that, depending on the application, the
proposed flow can be used in conjunction with other region-
based flows. In the following, we show experiments using
solely the proposed flow to demonstrate clearly its effect.

3. Experiments

We applied the proposed curve evolution to the segmen-
tation and tracking of the Left Ventricle (LV) inner (endo-
cardium) and outer (epicardium) boundaries in 2D cardiac

Magnetic Resonance (MR) images. To demonstrate explic-
itly the positive effect of the proposed contour-based energy,
we first give two typical segmentation examples. In these
examples, we run tests that show how the proposed energy
can lead to improvements in accuracy over other region-
based and edge-based energies. Then, we give a representa-
tive sample of the tracking results supported by quantitative
performance evaluations by comparisons with manual de-
lineations. The kernel width /& and narrow bound parameter
0 used in estimating the feature distribution on the curve are
fixed for all examples as follows: 6 = 1,h = 1. We used
two image features, the image gradient for the tracking ex-
amples and the average intensity of pixel neighborhood for
the segmentation examples.

First typical example (segmentation of the inner
boundary of the LV): Accurate LV segmentation is ac-
knowledged as a difficult problem [17]. Fig. 1 depicts a
typical example, where the purpose is to find the bound-
ary between the heart cavity and the background, as shown
by the manual segmentation depicted by the green curve
in Fig. 1 (b). This example is difficult because the back-
ground and the papillary muscles within the cavity are con-
nected, and have the same intensity profile. Therefore, a
part of the desired boundary corresponds to very small tran-
sitions of intensity (the norm of the image gradient is null
or nearly null). To illustrate how the proposed energy can
refine the segmentation in such examples, we compared the
curve evolution methods based on the following energies:

(1) RDM: The region-based distribution matching en-
ergy in [3]. Optimization of this energy seeks a region, so
that the distribution of image data within the region most
closely matches a learned model.

(2) RL: The region-based likelihood energy commonly
used in image segmentation [5], [12], [16]. Optimization
of this energy seeks a two-region partition maximizing the
conditional probability of pixel data given the learned mod-
els within the segmentation regions.

(3) ROP: Concatenation of RDM and the region-based
overlap energy in [4], which embeds information about the
overlap between the distribution of image data within the
segmentation regions.

(4) GAC: The classical geodesic active contour energy
[8] commonly used in image segmentation as an edge-based
constraint, which biases the segmentation boundaries to-
wards high gradients of image data.

(5) EDM: The proposed contour-based distribution
matching energy (with ¢ = 0, i.e., no constant velocity)

For all the energies, we used the same initialization de-
picted by the red curve in Fig. 1 (c), and model distri-
butions are learned from the ground truth. We assessed
the similarities between the ground truth and the segmenta-
tions obtained with both EDM, GAC, RL, RDM, and ROP
using two measures, the Dice Metric (DM) [17] and the



Root Mean Squared Error (RM S E) with symmetric near-
est neighbor correspondences [20]. The former is region-
based and is given by> DM = :ﬁagm, with A,, A,,, and
A, denoting the areas of, respectively, the automatically
detected region (region inside the curve), the correspond-
ing ground-truth region and the intersection between them.
The latter is contour-based; it measures a distance between

manual and automatic boundaries over N number of points
as follows: RMSE = /& SN (% — %)% + (5 — 9.)°.
where (%X;, ¥;) is a point on the automatic boundary and
(%, ¥;) is the corresponding point on the manual boundary.

For all energies, we report DM and RMSFE in table
1, and show the curve at convergence (red curve) superim-
posed to the ground-truth curve (green curve) in Fig. 1. As
expected, GAC biased the curve towards high gradients of
intensity (Fig. 1 (e)), thereby yielding the lowest confor-
mity to the ground truth (highest RM S E and lowest DM).
Also, all the region-based energies did not recover accu-
rately the target boundary due to the lack of relevant image
information on the curve (Fig. 1 (f), (g), and (h)). On the
contrary, with the information on the distribution of image
feature within a narrow band around the curve, EDM re-
fined accurately the result; it stopped the curve at conver-
gence in a position very similar to the ground truth (the red
curve in Fig. 1 (d)). As reported in table 1, EDM yielded a
lower RM SE and higher DM compared to the other meth-
ods and, therefore, a higher conformity to the ground truth.
This example demonstrates explicitly the usefulness of us-
ing the proposed contour-based energy in the application at
hand. To illustrate quantitatively this positive effect of the
proposed energy, we report in table 2 the following statistics
of the segmentation obtained with RDM, ROP, and EDM:

e Contour-based similarity measure: ~ The Bhat-
tacharyya measure of similarity between the distribution of
image feature within a narrow band around the curve and a
model, i.e., EDM at convergence.

e Region-based matching measure: The Bhattacharyya
measure of similarity between the distribution of image fea-
ture inside the curve at convergence and a model, i.e., RDM
at convergence.

e Region-based overlap measure: The Bhattacharyya
measure of similarity between the distribution of image fea-
ture inside and outside the curve at convergence.

With both methods, we obtained approximately the same
region-based measures (refer to the first two rows in table
2), although the segmented objects are different (refer to
Fig. 1 (d), (g) and (h)). On the contrary, the proposed
curve evolution led to a contour-based similarity measure
different from the ones obtained with RDM and ROP. These
statistics show that the region-based energies in [3], [4]

3Note that DM is always in [0, 1], where DM equal to 1 indicates a
perfect match between manual and automatic segmentation.

were not sufficient in this example, whereas the informa-
tion on the distribution of image feature on the contour can
limit the space of possible solutions to a curve very similar
to the ground truth.

For this example, we plotted the distribution of image
feature on the final curve with the model in Fig. 2 (a),
and the evolution of the energy as a function of the itera-
tion number in Fig. 2 (b). The proposed curve evolution
recovered accurately the learned model, and led to a Bhat-
tacharyya measure at convergence approximately equal to
the maximum possible value (B(Pr, M) = 0.99 ~ 1)).

Second typical example (segmentation of the outer
boundary of the LV): Fig. 3 depicts detection of the outer
boundary of the LV (epicardium) with the proposed curve
evolution. This example is also difficult because the in-
tensity transitions between the bottom part of the LV and
the background are very small (refer to the manual delin-
eation in Fig. 3 (a)). In this example, the model distri-
bution is learned from a previous frame. Figs. 3 (b), (c),
and (d) show, respectively, the initial curve, several inter-
mediate evolution steps, and the final curve (red curve) su-
perimposed to the expected delineation. The proposed en-
ergy stopped successfully the curve at the bottom part of
the LV, where the background and heart myocardium are
connected and have approximately the same intensity pro-
file. In comparison to the expected delineation, it yielded a
RMSE equal to 1.66 pixels and a DM equal to 0.95. The
Bhattacharyya measure obtained at convergence is equal to
0.91, whereas the initial measure is 0.68.

Tracking examples: We applied the method to propa-
gating the LV inner and outer boundaries in cardiac MR se-
quences, an essential but challenging task in cardiac image
analysis [17], [18]. For each frame, the model distribution
and initial curve are obtained from the result of the previ-
ous frame. The first frame in each sequence is segmented
manually. We evaluated the tracking performance by com-
parisons with independent manual segmentations over 5 se-
quences, each containing 10 frames (45 images were auto-
matically segmented). We give a representative sample of
the results in Fig. 4 for visual inspection, and report in ta-
ble 3 the statistics of the performance measures (DM and
RMSE). These indicate that the proposed energy can lead
to competitive results. Note that an average DM higher
than 0.80 indicates an excellent agreement with manual seg-
mentations [19], and an average DM higher than 0.90 is,
generally, difficult to obtain [18]. For instance, the study in
[18] reports an average DM equal to 0.81.

4. Conclusion

We proposed an active curve contour-based functional
which measures a similarity between the distribution of an
image feature on the curve and a learned distribution model
of the feature. Minimization of the functional by the Euler-



(b) Ground truth (c) Initialization (d) EDM
(e) GAC (f) RL (g) RDM (h) ROP

Figure 1. Detection of the inner boundary of the LV (endocardium) in a Magnetic Resonance image. The purpose is to find the boundary
between the heart cavity (foreground) and the background, as shown by the manual segmentation depicted by the green curve in (b). This
example is difficult because the background and the papillary muscles within the foreground are connected, and have the same intensity
profile. Therefore, a part of the desired boundary corresponds to very small transitions of intensity (the norm of the image gradient is null
or nearly null). (d) depicts the curve at convergence (red curve) superimposed to the ground-truth curve with the proposed energy, i.e.,
with EDM. (e), (f), (g), and (h) depict the result with respectively GAC [8], RL [5], RDM [3], and ROP [4]. These energies did not recover
accurately the target boundary, whereas the proposed energy refined accurately the result; it stopped the curve at a position very similar to
the ground truth. For all the energies, we used the same initialization depicted by the red curve in (c), and model distributions are learned
from the ground truth. Image feature for EDM: average intensity of pixel neighborhood (rectangular neighborhood of size 5 X 5 centered
on the pixel). ¢ = 0 (no constant velocity). The curve evolution is limited to the yellow box containing the region of interest in (a).
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(a) Expected delineation (b) Initial curve (c) Intermediate steps (d) Final curve

Figure 3. Detection of the outer boundary of the LV (epicardium) in a MR image. This task is difficult because the intensity transitions
between the bottom part of the LV and the background are very small. Model distribution M is learned from a previous frame. ¢ = 0.1.
The image feature is the average intensity of pixel neighborhood (rectangular neighborhood of size 5 X 5 centered on the pixel). (b),
(c), and (d) show, respectively, the initial curve, several intermediate evolution steps, and the final curve (red curve) superimposed to the
expected delineation (green curve). RM SE = 1.66 pixels. DM = 0.95. The Bhattacharyya measure obtained at convergence is equal to
0.91, whereas the initial measure is 0.68.

Lagrange equation resulted in a curve evolution which is the desired boundary correspond to very small transitions
viewed as a geodesic active contour with a variable stop- of image data. We gave examples which demonstrate the
ping function. This variable stopping function depends on advantage of the proposed model over others. It would be
the distribution of image feature on the curve and, there- interesting to combine the proposed functional with other

fore, can deal with the difficult situations, where parts of region and shape constraints.
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Figure 4. A representative sample of the results of tracking the inner (endocardium) and outer (epicardium) boundary of the LV ina 5 MR
sequences, each containing 10 frames (systole phase of the cardiac cycle). Image feature: image gradient. ¢ = 0. sz fy depicts frame y in
sequence x. The method succeeded in stopping the curve at relevant positions where the transitions in intensity are very small.
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